We consider the following problem: minimize the functional Ω f (∇u(x)) dx in the class of concave functions u : Ω → [0, M ], where Ω ⊂ R 2 is a convex body and
Introduction
Let Ω ⊂ R 2 be a convex body, that is, a compact bounded convex set with nonempty interior. Assume that all points of ∂Ω are regular, that is, there is a unique support line at each point of ∂Ω. Let f : R 2 → R be a positive continuous function such that the following condition is satisfied:
→ +∞ as |x|/|y| → 0.
Here x = (x 1 , x 2 ) and y = (y 1 , y 2 ) are points of R 2 . By (x, z) = (x 1 , x 2 , z) we denote points of R 3 . Condition A implies that lim x→∞ |x|f (x) = 0. Notice that for example the function f (x) = 1 |x|(ln(|x|+2)) does not satisfy Condition A, and any function f of the form f (x) = c|x| −α (1 + o(1)), x → ∞ with c > 0, α > 1 satisfies. In particular, f (x) = 1/(1 + |x| 2 ) satisfies Condition A.
Fix a value M > 0 and consider the minimization problem
in the class of concave functions u : Ω → R satisfying 0 ≤ u(x) ≤ M. It is well known that this problem has a solution [1] . Notice that since u is concave, the gradient ∇u(x) exist for almost all x, and therefore, the integral in (1) is well defined. This problem has a long history. The problem in the narrower class of radially symmetric functions, in the particular case when f (x) = 1/(1 + |x| 2 ) and Ω is a circle was considered by Newton in his Principia. The interest to this problem has been raised after publication in 1993 of the paper by Buttazzo and Kawohl [2] . Since then, the problem of minimal resistance has been studied in various classes of bodies. However, the original problem (1) for convex bodies (without the condition of radial symmetry) still remains unsolved.
The functional (1) has a simple mechanical interpretation. If f (x) = 1/(1 + |x| 2 ), the functional describes the resistance of a convex body whose front surface is described by the graph of u moving in a rarefied medium, provided that the absolute temperature of the medium is zero and collisions of the medium particles with the body's surface are perfectly elastic. If the temperature of the medium is positive and/or the collisions are not elastic, one should take a different function f .
It is known that a solution u * to Problem (1) exists [3] , at any regular point x of u * , |∇u * (x)| does not take values in (0, 1) [1] , and the gaussian curvature in any regular open part of the lateral surface of graph(u * ) equals zero [3] . It has recently been proved that if the convex set L M := {u * (x) = M} has nonempty interior then the slope of the lateral surface is 1 near all regular points of ∂L M [4] .
The following question has been asked in [2] : prove or disprove that if u * is a solution to Newton's problem then u * ⌋ ∂Ω = 0. The aim of this paper is to answer positively this question. Namely, we prove the following theorem. 
Proof of Theorem 1
Assume the contrary: there exists x 0 ∈ ∂Ω such that u(x 0 ) > 0. We are going to come to a contradiction.
Without loss of generality we assume that u is upper semicontinuous. Otherwise we substitute u with the function cl u defined on Ω whose subgraph is the closure of the subgraph of u. Such a function exists and is of course unique, it is concave and upper semicontinuous, and satisfies the inequalities cl u(x) ≥ u(x) and cl u(x) = u(x) in the interior of Ω. As a consequence, one has 0 ≤ cl u(x) ≤ M and cl u(x 0 ) ≥ u(x 0 ) > 0. These properties of the function cl u can be found in Part II, Section 7 of the book by Rockafellar [5] ; the only difference is that the book [5] deals with convex, rather than concave, functions, with epigraphs, rather than subgraphs, etc.
Since u is upper semicontinuous and ∂Ω is compact, the maximum value of u⌋ ∂Ω is attained at a certain point; without loss of generality we assume that
Denote by l the tangent line to Ω at x 0 and by n the outward vector to Ω at x 0 . The line l is defined by the equation (x 0 − x, n) = 0, and for all x ∈ Ω one has (x 0 − x, n) ≥ 0; here and in what follows (· , ·) means the scalar product.
Take k > 0 and consider the plane of the equation z = k(x 0 − x, n). This plane contains the line l × {0}, has the slope k, and separates the domain of u in the horizontal plane Ω × {0} and the vertical segment
is the part of the subgraph of u that lies below the plane.
We are going to prove that for k sufficiently large, F (u (k) ) < F (u), in contradiction with optimality of u.
Consider the planar convex body
We have ∇u We are going to choose a family of convex bodiesΩ k ⊂ Ω k such that
Loosely speaking, we require that first, the maximum of |∇u| inΩ k is asymptotically much smaller than the value of |∇u (k) | in Ω k (which is equal to k) and second, the relative area ofΩ k in Ω k decreases not too rapidly. Let us show that (3) and (4) lead to a contradiction.
Using (2), one obtains
According to (4) , the former infimum is greater than or equal to a positive constant. Taking for any k > 0 a point x k ∈Ω k , by (3) one has |∇u(x k )|/k → 0 as k → +∞, and hence, by Condition A,
Taking the infima over all x k ∈Ω k , one obtains that the latter infimum goes to infinity. It remains to chooseΩ k in such a way that (3) and (4) are satisfied. This will finish the proof of the theorem.
Our construction is illustrated in Figures 1 and 5 corresponding to the cases when l∩∂Ω is a point and a line segment, respectively. In these figures, the point x 0 is indicated by the letter O and the line OC is orthogonal to l (and its director vector is n).
Note that Ω k lies in the intersection of Ω with the band {x : 0 ≤ (x 0 − x, n) ≤ M/k}. One deduces from this that Ω k lies in the (M/k)-neighborhood of ∂Ω. Denote
The sets Ω k , k > 0 form a nested family, Ω k 1 ⊂ Ω k 2 for k 1 ≥ k 2 ; therefore the function k → α k is monotone decreasing. Since z 0 = u(x 0 ) and x 0 ∈ Ω k , this function is nonnegative. Further, since z 0 is the maximal value of u⌋ ∂Ω and u is upper semicontinuous, one concludes that α k → 0 as k → +∞. It may happen than α k = 0 for a certain value k = k 0 ; then α k equals zero for all k ≥ k 0 .
Consider the set
It is a closed segment contained in the positive semiaxis [0, +∞). Note that the orthogonal projection of Ω k on the line x 0 + ξn, ξ ∈ R (the line OC in Fig. 1 ) is the line segment x 0 − ω k n. Taking x = x 0 ∈ Ω k , one concludes that the lower endpoint of ω k is 0, and therefore, ω k has the form
Since for all x ∈ Ω k , (x 0 − x, n) ≤ u(x)/k ≤ (z 0 + α k )/k, one concludes that the upper endpoint of ω k does not exceed (z 0 + α k )/k, and thus,
For k sufficiently large the expression in the right hand side of this formula is positive. This means that x ∈ Ω k , and therefore, (z 0 − ε)/k lies in ω k . Hence for k sufficiently large,
In this figure, the circular arc through A, B, and O is a part of ∂Ω, the ellipse is Ω k , the shadowed domain isΩ k , the points x 0 and x are marked by O and X. The figure corresponds to the case (a): the point X lies below the line OC Take t > 0 and consider the segment Ω ∩ {x : (x 0 − x, n) = t}. It is orthogonal to the line x 0 + ξn, ξ ∈ R (the line OC in Fig. 1 ). For t sufficiently small, the segment is divided by the line into two non-degenerated segments; say the lower and the upper ones. Let the lengths of the lower and the upper segments be a(t) and b(t). Both functions are concave, non-negative, and monotone increasing for t sufficiently small, and satisfy the relations lim t→0 (a(t)/t) = +∞ and lim t→0 (b(t)/t) = +∞.
An example of such a segment is AB; it is divided by the line OC into the lower segment AC and the upper segment CB; see Fig. 1 . We assume that k is sufficiently large, so as each of the functions a(t) and b(t) is either monotone increasing or greater than a certain positive constant for t ≤ (z 0 + β k )/k.
The case when ∂Ω contains a line segment (AB in the figure) and O is contained in this segment.
The following formula will be needed later on. Due to concavity of a, for
A similar formula is true for the function b. For a real value θ consider the linear map T θ : R 2 → R 2 that leaves points of the line OC unchanged and moves other points in the direction orthogonal to OC, so as for all x ∈ R 2 , the distance from T θ x to OC is θ times the distance from x to OC. It is defined by the equation T θ x = θx + (1 − θ)((x − x 0 , n)n + x 0 ). If 0 < θ < 1 then this map is a compression with the ratio θ in the direction orthogonal to n.
We take a positive function k → θ k satisfying the conditions
and (in the case when α k is always positive)
One can take, for example, θ k = 1 ka
}, and letΩ k = T θ k (Ω + k ); that is,Ω k is the image of Ω + k under the compression with the ratio θ k . In the figures,Ω k is shown shadowed. Consider the function φ k (ξ) := length(Ω k ∩ {x : (x 0 − x, n) = ξ}) defined on 0,
The function φ k is concave, nonnegative, and
Due to concavity of φ k , for 0 ≤ ξ ≤ z 0 2k one has
and for
It follows that
Hence we obtain
and the equality is attained when φ is a linear function equal to zero at (z 0 + β k )/k. Thus, one has
Let x ∈Ω k be a regular point of u; it is indicated by the letter X in Figs. 1 -2 . If the tangent plane to the graph of u at x is not horizontal, then its intersection with the x-plane is a straight line, say l x , and
Of course l x does not intersect the interior of Ω. The intersection of the tangent plane with the vertical plane through the line XO (and therefore, through the points (x, 0) and (x 0 , 0)) is a straight line, say σ x , that contains the point (x, u(x)) and lies above the point (x 0 , u(x 0 )). The slope of this line in the direction − − → XO is greater than or equal to (u(x 0 ) − u(x))/|x 0 − x|.
It may happen that (i) the line σ x intersects the ray with the vertex at x with the director vector x 0 − x (the ray XO in Fig. 1 ), or (ii) it does not intersect this ray. See Fig. 3 . If (i) is realized, one has u(x) > u(x 0 ) (and therefore α k > 0), and the slope of the line σ x is greater than or equal to −α k /|x 0 − x|. It follows that the distance between x 0 and the point of intersection of σ x with the ray XO is greater than or equal to z 0 α k |x 0 − x|. As a consequence, the point of intersection lies on the ray behind the point Figs. 1 -2) . For the point F we have the proportion
Hence l x does not intersect the interior of the convex hull of Ω and the segment [XF ],
If (ii) is realized then l x does not intersect the interior of the convex hull of the union of Ω and the ray XO. In particular, formula (11) remains true, where in the case α k = 0 the point F can be imagined as the infinitely remote point on the ray and [XF ] should be understood as the ray XO.
Let A x and B x be the endpoints of the segment {x ′ : (x ′ , n) = (x, n)} ∩ Ω, and let ∂ x Ω be the part of ∂Ω on the left of the vertical line A x B x . In other words, Take t 0 sufficiently small, so as the functions a(t) and b(t) are monotone increasing for 0 ≤ t ≤ t 0 . Consider the rectangle located on the left of the line A x B x such that the segment [A x B x ] is one of its vertical sides (see Figs. 5 and 2 ) and the length of its horizontal sides is t 0 . One easily sees that this rectangle is contained in Ω.
The distance from x to the boundary of the rectangle equals min{t 0 , |XA x |, |XB x |}. , when E x lies below E x and (b 2 ), when E x lies between CE x and E x .
